Dynamic analysis of prestressed Bernoulli beams resting on two-parameter foundation under moving harmonic load by Kien, Nguyen Dinh & Hai, Bui Thanh
V i e t n a m  J o u r n a l  o f  M e c h a n i c s ,  V A S T ,  V o l .  2 8 ,  N o .  3  ( 2 0 0 6 ) ,  p p .  1 7 6 - 1 8 8  
D Y N A M I C  A N A L Y S I S  O F  P R E S T R E S S E D  B E R N O U L L I  
B E A M S  R E S T I N G  O N  T W O - P A R A M E T E R  
F O U N D A T I O N  U N D E R  M O V I N G  H A R M O N I C  L O A D  
N G U Y E N  D I N H  K I E N  A N D  T R A N  T H A N H  H A I  
I n s t i t u t e  o f  M e c h a n i c s ,  
V i e t n a m e s e  A c a d e m y  o f  S c i e n c e  a n d  T e c h n o l o g y  
A b s t r a c t .  T h i s  p a p e r  d e s c r i b e s  t h e  d y n a m i c  a n a l y s i s  o f  p r e s t r e s s e d  B e r n o u l l i  b e a m s  r e s t i n g  
o n  a  t w o - p a r a m e t e r  e l a s t i c  f o u n d a t i o n  u n d e r  a  m o v i n g  h a r m o n i c  l o a d  b y  t h e  f i n i t e  e l e m e n t  
m e t h o d .  U s i n g  t h e  c u b i c  H e r m i t i a n  p o l y n o m i a l s  a s  i n t e r p o l a t i o n  f u n c t i o n s  f o r  t h e  d e f l e c t i o n ,  
t h e  s t i f f n e s s  o f  t h e  B e r n o u l l i  b e a m  e l e m e n t  a u g m e n t e d  b y  t h a t  o f  t h e  f o u n d a t i o n  s u p p o r t  
a n d  p r e s t r e s s  i s  f o r m u l a t e d .  T h e  n o d a l  l o a d  v e c t o r  i s  d e r i v e d  u s i n g  t h e  p o l y n o m i a l s  w i t h  t h e  
a b s c i s s a  m e a s u r e d  f r o m  t h e  l e f t - h a n d  n o d e  o f  t h e  c u r r e n t  l o a d i n g  e l e m e n t  t o  t h e  p o s i t i o n  
o f  t h e  m o v i n g  l o a d .  U s i n g  t h e  f o r m u l a t e d  e l e m e n t ,  t h e  d y n a m i c  r e s p o n s e  o f  t h e  b e a m s  
i s  c o m p u t e d  w i t h  t h e  a i d  o f  t h e  d i r e c t  i n t e g r a t i o n  N e w m a r k  m e t h o d .  T h e  e f f e c t s  o f  t h e  
f o u n d a t i o n  s u p p o r t ,  p r e s t r e s s  a s  w e l l  a s  e x c i t a t i o n  f r e q u e n c y ,  v e l o c i t y  a n d  a c c e l e r a t i o n  o n  
t h e  d y n a m i c  c h a r a c t e r i s t i c s  o f  t h e  b e a m s  a r e  i n v e s t i g a t e d  i n  d e t a i l  a n d  h i g h l i g h t e d .  
1 .  I N T R O D U C T I O N  
T h e  d y n a m i c  a n a l y s i s  o f  b e a m s  u n d e r  m o v i n g  l o a d s  p l a y s  a n  i m p o r t a n t  r o l e  i n  t h e  
f i e l d  o f  r a i l w a y  a n d  b r i d g e  e n g i n e e r i n g ,  a n d  h a s  a t t r a c t e d  m u c h  a t t e n t i o n  f r o m  r e s e a r c h e r s  
f o r  m a n y  y e a r s .  T h e  e a r l y  w o r k  o n  t h e  t o p i c  h a s  b e e n  d e s c r i b e d  b y  T i m o s h e n k o  e t  a l .  
i n  [ 1 ] ,  w h e r e  t h e  g o v e r n i n g  e q u a t i o n  f o r  a  u n i f o r m  B e r n o u l l i  b e a m  s u b j e c t e d  t o  m o v i n g  
h a r m o n i c  f o r c e  w i t h  c o n s t a n t  v e l o c i t y  w a s  s o l v e d  b y  t h e  m o d e  s u p e r p o s i t i o n  m e t h o d .  I n  
[ 2 ] ,  F r y b a  p r e s e n t e d  a  s o l u t i o n  f o r  v i b r a t i o n  o f  s i m p l y  s u p p o r t e d  b e a m  u n d e r  m o v i n g  l o a d s  
a n d  a x i a l  f o r c e s .  E m p l o y i n g  t h e  t r a d i t i o n a l  2 D  B e r n o u l l i  b e a m  e l e m e n t ,  T h a m b i r a t n a m  
a n d  Z h u g e  [ 3 ]  c o m p u t e d  t h e  d y n a m i c  a m p l i f i c a t i o n  f a c t o r  f o r  b e a m s  r e s t i n g  o n  a  W i n k l e r  
e l a s t i c  f o u n d a t i o n  s u b j e c t e d  t o  m o v i n g  l o a d s .  C h e n  e t  a l .  [ 4 ]  i n v e s t i g a t e d  t h e  r e s p o n s e  
o f  i n f i n i t e  T i m o s h e n k o  b e a m  o n  a  v i s c o e l a s t i c  f o u n d a t i o n  t o  a  m o v i n g  h a r m o n i c  l o a d  b y  
d e r i v i n g  t h e  d y n a m i c  s t i f f n e s s  m a t r i x  f o r  t h e  b e a m .  T h e  n a t u r a l  f r e q u e n c i e s  a n d  m o d e  
s h a p e s  o f  B e r n o u l l i - t y p e  b e a m s  s u b j e c t e d  t o  m o v i n g  l o a d s  w i t h  v a r i a b l e  v e l o c i t y  h a v e  
b e e n  i n v e s t i g a t e d  b y  D u g u s h  a n d  E i s e n b e r g e r  [ 5 ]  b y  b o t h  t h e  m o d a l  a n d  d i r e c t  i n t e g r a t i o n  
m e t h o d s .  U s i n g  t h e  F o u r i e r  t r a n s f o r m  m e t h o d ,  K i m  [ 6 ]  o b t a i n e d  t h e  s t e a d y - s t a t e  r e s p o n s e  
t o  m o v i n g  l o a d s  o f  a x i a l  l o a d e d  b e a m s  r e s t i n g  o n  a  W i n k l e r  e l a s t i c  f o u n d a t i o n .  A d o p t i n g  
p o l y n o m i a l s  a s  t r i a l  f u n c t i o n  f o r  t h e  d e f l e c t i o n  i n  t h e  L a g r a n g i a n  e q u a t i o n s ,  K o c a t i i r k  
a n d  g i m § e k  [ 7 ]  i n v e s t i g a t e d  t h e  v i b r a t i o n  o f  v i s c o e l a s t i c  b e a m s  s u b j e c t e d  t o  a n  e c c e n t r i c  
c o m p r e s s i v e  f o r c e  a n d  a  m o v i n g  h a r m o n i c  f o r c e .  
I n  t h e  p r e s e n t  p a p e r ,  t h e  d y n a m i c  a n a l y s i s  o f  p r e s t r e s s e d  B e r n o u l l i  b e a m s  r e s t i n g  o n  a  
t w o - p a r a m e t e r  e l a s t i c  f o u n d a t i o n  u n d e r  a  m o v i n g  c o n c e n t r a t e d  h a r m o n i c  l o a d  i s  c o n d u c t e d  
u s i n g  t h e  f i n i t e  e l e m e n t  m e t h o d .  T h e  p r e s t r e s s  i s  a s s u m e d  t o  b e  r e s u l t e d  f r o m  i n i t i a l l y  
"  
"  
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loaded by axial forces, and velocity of the moving load is considered variable. To this 
end, a finite element taking the effect of both prestress, foundation support is formulated . 
In the formulation , a two-parameter foundation model taking the interaction between 
springs of the traditional Winkler foundation, previously employed by the first author in 
[8] is adopted . The two-parameter foundat ion model shows some advantage including the 
accuracy in modelling the effect of the foundation support on structures [9, 10]. Using 
the formulated element , the dynamic response of t he beams is computed using the direct 
integration Newmark method. The influence of t he prestress, foundation support , external 
load parameters on the dynamic characterist ics of the beams is investigated in detail. 
2. ELEMENT FORMULATION 
''- Winkler spring, kw 
', fixed base 
Fig . 1. A two-node prestressed Bernoulli beam element resting on two-parameter foundation 
Consider a two-node beam element resting on a two parameter foundation as shown 
in Fig. l . In addition to the conventional Winkler springs, a shear layer is introduced 
in the foundation model to take t he interaction between the springs into account. In the 
figure, l and EI denote the length and t he bending rigidity of t he element , respectively. 
The element is init ially st ressed by an axial force Q. At each node t he element has two 
degrees of freedom, namely a lateral translation and a rotation about an axis normal to 
t he plane of the paper. Thus, t he vector of nodal displacements contains four components 
as 
(2.1 ) 
where and afterwards the superscript T denotes t he transpose of a vector or a matrix. The 
total potential energy of a prismatic beam element is stemming from the beam bending, 
foundation deformation, and t he potent ial of t he axial load as [11 ,12] 
U =Us+ Uw +Uc+ UQ 
= ~ fl EI (a2~)2 dx + ~ fl kww2dx + ~ f l kc ( aw ) 2 dx + ~ f l Q (8w)2 ,(2 2) 
2 J 0 ax 2 J 0 2 J 0 ax 2 J 0 ax 
where kw (unit of force/ lenght2) and kc (unit of force) denote t he stiffness of the Winkler 
springs and the shear layer, respectively. Following standard approach of t he finite element 
method, we adopted here with the Hermit ian polynomials as interpolation scheme for the 
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T h e  e l e m e n t  s t i f f n e s s  i s  o b t a i n e d  b y  t w i c e  d i f f e r e n t i a t i n g  t h e  s t r a i n  e n e r g y  r e s p e c t i v e  t h e  
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F o r  a  d y n a m i c  a n a l y s i s ,  a  m a s s  m a t r i x  i s  r e q u i r e d ,  a n d  a  c o n s i s t e n t  m a s s  m a t r i x  b a s e d  
o n  t h e  i n t e r p o l a t i o n  f u n c t i o n  ( 2 . 3 )  p r e s e n t e d  i n  [ 1 3 ]  i s  a d o p t e d  i n  t h e  p r e s e n t  p a p e r .  T h e  
f o r m u l a t i o n  o f  t h e  c o n s i s t e n t  m a s s  m a t r i x  i s  a s  f o l l o w s  
[  
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( 2 . 7 )  
w h e r e  m  =  p l A  ( p  i s  m a s s  d e n s i t y ,  a n d  A  i s  t h e  c r o s s - s e c t i o n a l  a r e a )  i s  t h e  t o t a l  e l e m e n t  
m a s s .  I t  i s  n o t e d  t h a t  e x p r e s s i o n  f o r  t h e  m a s s  m a t r i x  ( 2 .  7 )  i s  s i m i l a r  t o  t h a t  o f  s t i f f n e s s  
m a t r i x  k w  i n  E q .  ( 2 . 6 ) .  
'  
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3. GOVERNING EQUATION AND NUMERICAL ALGORITHM 
Consider a simply supported prestressed beam with t he length of L resting on a 
two-parameter foundation with a moving concentrated harmonic load, F = P cos(Dt), 
travelling along the beam from left to right as shown in Fig. 2. Denoting xp is the current 
position of the moving load, measured from t he left-hand end of the beam. Assuming at 
time t = 0 the load F is at the left-hand support and having a velocity v0 , it then travels 
with a constant acceleration to the right, and its velocity at the right-hand support is VJ· 
Following the standard procedure of the finite element method, t he beam is discretized 
into a number of finite elements. The equation of motion in terms of the finite element 
method when ignoring the damping effect for the beam can be written in the form [13] 
·MD+ KD = P cos(Dt)N, (3 .1) 
where M and K respectively are structural mass and stiffness matrices, obtained by as-
sembling the element matrices k and m , formulated in Section 2 in the standard way of the 
finite element method; D and b = 8 2D / 8t2 are the structural nodal displacements and 
accelerations, respectively; N is the vector of shape functions for the beam, and having 
the form 
N = {O 0 0 ... Nw1 Nw2 Nw3 Nw4 0 0 0 .. . 0 0 O}r, (3.2) 
where Nw1, Nw2, Nw3, Nw4 are defined by Eq. (2 .3), in which the abscissa xis measured 
from the left-hand node of the current loading element , and ·for the case of equal-element 
mesh is computed as (see Fig. 2) 
VJ - V 2 
x = Xp - (n - l)l = b. 0 t + v0 t - (n - l)l, 2 t (3.3) 
with l , as before is the element length, and n denotes the number of the element on which 
the load is acting; t is the current t ime, and bot is the total t ime needed for the load to 
move completely from the left-hand support to the right-hand support . 
F = P cos (nt) 
•·-- - ··xF - - - ·- .. I element number 
n . ........-
'·· Winkler spring, kw 
• .. fixed base 
Fig. 2. Simply supported prestressed beam resting on a two-parameter elastic foundation 
foundation subjected to a moving harmonic load F = P cos(O.t) 
Eq. (3.1) is solved by the step-by-step direct integration Newmark method, in which the 
nodal displacements and velocities at a new time tn+l are implicitly computed as [13] 
1 8 0  
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.  2 ( 1  )  . .  2  . .  
D n + l  =  D n  +  h D n  +  h  2  - / 3  D n  +  h  / 3 D n + l  
( 3 . 4 )  
D n + l  =  D n  +  ( 1  - " f ) h D n  +  " ( h D n + l ,  
w h e r e  h  =  (  t n +  i  - t n )  i s  t h e  t i m e  s t e p ;  / 3  a n d  ' Y  a r e  c o n s t a n t s ;  n  =  a n /  a t  i s  t h e  n o d a l  
v e l o c i t i e s .  C h o o s i n g  / 3  =  ~ a n d  ' Y  =  ~ ( a s  i n  t h i s  p a p e r ) ,  E q .  ( 3 . 4 )  l e a d s  t o  t h e  a v e r a g e  
c o n s t a n t  a c c e l e r a t i o n  f o r m u l a ,  w h i c h  u n c o n d i t i o n a l  n u m e r i c a l l y  s t a b i l i t y .  A s  s e e n  f r o m  
E q .  ( 3 . 4 ) ,  i n  o r d e r  t o  c o m p u t e  D n + l  a n d  D n + 1 ,  t h e  a c c e l e r a t i o n  a t  t i m e  t n + l  i s  n e e d e d ,  
t h a t  i s  a n  i m p l i c i t  t i m e - i n t e g r a t i o n  m e t h o d  i s  r e q u i r e d .  
4 .  N U M E R I C A L  R E S U L T S  A N D  D I S C U S S I O N S  
U s i n g  t h e  f i n i t e  e l e m e n t  f o r m u l a t e d  i n  S e c t i o n  2 ,  a  c o m p u t e r  c o d e  b a s e d  o n  t h e  d i r e c t  
i n t e g r a t i o n  N e w m a r k  m e t h o d  i s  d e v e l o p e d  f o r  s o l v i n g  E q .  ( 3 . 1 ) .  T o  i n v e s t i g a t e  t h e  d y -
n a m i c  r e s p o n s e  o f  b e a m s  t o  a  m o v i n g  l o a d ,  a  b e a m  e m p l o y e d  b y  K o c a t i i r k  a n d  g i m § e k  [ 7 ]  
w i t h  t h e  f o l l o w i n g  g e o m e t r y  a n d  m a t e r i a l  d a t a  i s  a d o p t e d  h e r e w i t h  
L  =  2 0  m ·  I =  0  0 8 8 2 4  m
4
·  p A  =  1 0 0 0  k g / m ·  E  =  3  x  1 0
9  
N / m
2
·  P  =  1 0 0  k N  
'  .  '  '  '  
w h e r e  L  d e n o t e s  t h e  t o t a l  b e a m  l e n g t h ,  a n d  P  i s  t h e  a m p l i t u d e  o f  t h e  m o v i n g  l o a d .  T h e  
n u m e r i c a l  r e s u l t s  r e p o r t e d  b e l o w  a r e  o b t a i n e d  b y  a  m e s h  o f  2 0 - e q u a l  e l e m e n t s .  
4 . 1 .  M e t h o d o l o g y  v e r i f i c a t i o n  
T h i s  S u b s e c t i o n  a i m s  t o  v e r i f y  t h e  f o r m u l a t i o n  a n d  t h e  d e v e l o p e d  c o m p u t e r  c o d e  b y  
c o m p a r i n g  t h e  n u m e r i c a l  r e s u l t s  t o  s o m e  p u b l i s h e d  w o r k .  T o  t h i s  e n d ,  f o l l o w i n g  t h e  w o r k  
i n  [ 1 1 ] ,  w e  i n t r o d u c e  h e r e w i t h  t h e  d i m e n s i o n l e s s  p a r a m e t e r s  
£ 4  
k 1  =  E i k w  
L 2  
k  
_ _  k c ,  
2  - 7 T 2 E J  
(  4 . 1 )  
w h i c h  r e p r e s e n t e d  t h e  s t i f f n e s s  o f  t h e  W i n k l e r  s p r i n g s  a n d  s h e a r  l a y e r ,  r e s p e c t i v e l y .  W e  
a l s o  i n t r o d u c e  t h e  s o - c a l l e d  f r e q u e n c y  p a r a m e t e r ,  d e f i n e d  a s  
µ  =  ( p A L 4 w
2
) 1 / 4  
E I  ,  
( 4 . 2 )  
w h e r e  w  i s  t h e  t h e  f u n d a m e n t a l  f r e q u e n c y  o f  t h e  b e a m s .  
T a b l e  1 .  T h e  f i r s t  t h r e e  n a t u r a l  f r e q u e n c i e s  ( r a d /  s )  o f  s i m p l y  s u p p o r t e d  b e a m  w i t h o u t  
f o u n d a t i o n  s u p p o r t  a n d  a t  v a r i o u s  v a l u e  o f  a x i a l  f o r c e  
p r e s e n t  w o r k  
R e f .  [ 7 ] *  
W 1  
W 2  W 3  
W 1  
W 2  W 3  
Q = O  
4 2 . 7 3 6 6  
1 7 0 . 9 4 7 7  
3 8 4 . 6 4 2 8  
4 2 . 7 3 6 2  1 7 0 . 9 4 6 6  3 5 4 . 7 2 3 5  
Q  =  - 1  x  1 0
3  
k N  4 2 . 4 4 7 0  
1 7 0 . 6 5 8 7  
3 8 4 . 3 5 4 0  
4 2 . 4 4 6 6  
1 7 0 . 6 5 7 3  3 8 4 . 4 3 5 4  
Q  =  1 x 1 0
3  
k N  4 3 . 0 2 4 4  
1 7 1 . 2 3 6 1  
3 8 4 . 9 3 1 4  
4 3 . 0 2 4 2  1 7 1 . 2 3 7 4  3 8 5 . 0 1 2 3  
*  w i t h  1 0  t e r m s  i n  t h e  t r i a l  d e f l e c t i o n  s h a p e .  
'  
' .  
~ 
. .  
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Table 2. The frequency parameter µ of prestressed simply supported beam at various value 
foundation parameters (k1, k2) 
Q=O Q = -1x103 Q = 1x103 
present work Ref. [11]* (kN) (kN) 
(k1 , k2) = (1, 0) 3.1496 3.1496 3.1390 3.1601 
(k1, k2) = (100, 0) 3.7483 3.7483 3.7421 3.7546 
(k1, k2) = (1, 0.5) 3.4827 3.4826 3.4749 3.4904 
(k1 , k2) = (100 , 0.5) 3.9608 3.9608 3.9555 3.9661 
(k1 , k2) = (1, 1) 3.7408 3.7407 3. 7345 3.7471 
(k1, k2) = (100, 1) 4.1437 4.1437 4.1391 4.1483 
(k1, k2) = (1, 2.5) 4.3002 4.3001 4.2960 4.3043 
(k1, k2) = (100, 2.5) 4.5824 4.5824 4.5789 4.5858 
* available for the case Q = 0 only. 
Table 1 list the first three natural frequencies of the simply supported beam without 
foundat ion support with various values of the axial force. The frequency parameter defined 
by Eq. ( 4.2) at various values of the foundation parameters and axial force is given in 
Table 2. The corresponding frequencies and parameter respectively reported in Refs . [7) 
and [11] are also listed in the tables. It is noted from the tables that the frequencies 
obtained in the present work are in excellent agreement with that reported in Refs . [7] 
and [11] . 
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Fig. 3. Deflection under the moving load for constant velocity v = 15 m/ s and at different 
excitation frequencies 
Fig. 3 shows the deflection under moving load of the simply supported beam with-
out foundation support at a constant velocity v = v0 = VJ = 15 m/s, and at different 
excitation frequencies n = 0 and n = 40 rad/s. It is noted that the excitation frequency 
0 = 40 rad/ s is very near the first natural frequency of the beam (confirm Table 1), so 
that the deflection of the beam shown in Fig. 3.b is much larger than that of Fig. 3.a due 
to the resonance phenomenon. For the purpose of comparison, the figure also shows the 
analytical solution obtained from the mode superposition method by Timoshenko et al. 
[1], where the defection of the beam under a moving harmonic load with constant velocity 
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Fig. 6 shows the response of the simply supported beam to the moving load with 
constant velocity v = 20 m/s computed with various values of the compressive force Q 
and at excitation frequencies of 20 rad/s and 40 rad/s. It is seen from the figure that 
the response of the beam is not very much affected by the axial forces , regardless of the 
excitation frequencies . The dynamic deflection in Fig. 4.b is much higher t han that in 
Fig. 4.a since Fig. 4.b computed at an excitation frequency near the resonance frequency 
as above remark. 
Fig. 5 shows the response of the prestressed beam to the moving load with different 
velocities, different excitation frequencies and at an axial compressive force Q = -2000 kN. 
The response of the beam is very much influenced by the speed of the moving load, and 
the excitation frequency also. In Fig. 5.a, t he dynamic deflection of the beam gradually 
increases with an increment in the velocity, and it then decreases. The critical velocity 
is governed by the excitation frequency, e.g. Vrnax = 60 m/ s in Fig. 5.a, while in 5.b 
Vrnax = 20 m/s. Again, the dynamic deflection of t he curves in Fig. 5b is much larger 
than that of the corresponding curves in Fig. 5.a. 
The effects of the foundation parameters on t he response of the beam are shown in Fig. 
6 and Fig. 7. The curves shown in the figures are obtained for the case v = 20 m/ s, D = 
20 rad/ sand Q = -2000 kN. As seen from the figures, the foundation support remarkably 
reduces the dynamic deflection of t he beam, and the inclusion of the Winkler spring 
interaction (represented by k2 ) into consideration has a similar effect . 
4.3. Maximum dynamic deflection 
The dependence of the maximum dynamic deflections of simply supported prestressed 
beam on the load velocity and the foundation parameters is shown in Fig. 8 and Fig. 9 
for the cases of excitation frequency D = 20 rad/s and D = 40 rad/s, respectively. It is 
clearly seen from the figures, there is the so-called critical velocity at which the maximum 
dynamic deflection attains a extreme value, and this crit ical velocity depends on the 
foundation stiffness and the excitation frequency as well. The influence of the velocity on 
the maximum dynamic deflection is considerably changed with the presence of the second 
foundation stiffness parameter k2 , as seen in Figs. 8.b and 9.b in comparison with Figs. 
8.a and Fig. 9.a . In addition, the change in the maximum dynamic deflection is much 
sharper for case of the excitation frequency near the resonant frequency than that far from 
the resonant frequency. 
4 .4. Effect of acceleration 
In the above discussion we assume t he velocity of the moving load is constant . This 
assumption is now relieved, and the effect of acceleration on t he dynamic response of the 
beam is investigated in this Subsection. For the sake of simplicity, the acceleration is 
considered constant, and it is represented through the difference between the velocities of 
the moving load at right-hand and left-hand ends of the beam. In t his regard and recalling 
t he notations in Eq. (3.3), the computation is performed with v0 = 10 m/ s, various values 
of v f = 10, 20 , 30 and 40 m/ s, and for different cases of foundation support and excitat ion 
frequency. 
The effect of acceleration on response of prestressed simply supported beams for dif-
ferent case of t he foundation stiffness and excitation frequencies is shown in Figs. 10 -
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the load velocity and the foundation parameters for the case excitation frequency n = 40 rad/ s 
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5. CONCLUDING REMARKS 
The dynamic analysis of prestressed beams resting on a two-parameter elastic founda-
tion under a moving harmonic concentrated load by the finite element method has been 
described on the paper. Using the cubic Hermitian polynomials as interpolation functions 
for the displacement field, the stiffness of the Bernoulli beam element augmented by that 
of the foundation and prestress was formulated and employed in computing the natural 
frequencies and response of the beams. The nodal load vector was derived using the 
polynomials with the abscissa measured from t he element left-hand node to the current 
position of the moving load. Using the formulated element and nodal load vector, the 
dynamic analysis of the beam with different values of the foundation parameters, axial 
force , excitation frequencies and velocities has been performed. The effects of the param-
eters on the natural frequencies and dynamic response of the beam were investigated and 
described in detail. ' 
It is noted that the numerical investigations presented in Section 4 are just described 
for the case of simply supported beam, but in regard of the finite element method used in 
the present paper, the extension to other case of boundary conditions is a trivial task. 
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